We give in this work some sufficient conditions for the existence and uniqueness of almost automorphic (mild) solutions to some classes of partial evolution equations. Then we use our abstract results to discuss the existence and uniqueness of almost automorphic solutions to some partial differential equations.
Introduction
Let (X, · ) be a Banach space. This work is concerned with the existence of almost automorphic solutions to the class of abstract partial evolution equations of the form 
u(t) + f (t, Bu(t))] = Au(t) + g(t, Cu(t)), t ∈ R, (1.1)
where A is the infinitesimal generator of an exponentially stable c 0 -semigroup acting on X; B, C are two densely defined closed linear operators on X, and f, g are continuous functions. Upon making some appropriate assumptions, some sufficient conditions for the existence and uniqueness of an almost automorphic (mild) solution to Eq. (1.1) are given.
One should point out that various differential equations, partial differential equations, integrodifferential equations, and functional differential equations can be written of the form Eq. (1.1); see, e.g., [3, 5, 6] . In particular, to illustrate our main result (Theorem 3.4), we will examine sufficient conditions for the existence and uniqueness of almost automorphic (mild) solutions to the so-called (semilinear) heat equation given by
where g, q are functions satisfying some additional assumptions. We begin the work with some preliminary facts on almost automorphic functions [1, 2, 4] . The main results of this work are Theorems 3.4 and 4.1.
Preliminaries
Throughout the work, (X, · ), (Y, · Y ) stand for Banach spaces. The collection of bounded linear operators from X into Y is denoted by B(X, Y) -this is a Banach space when it is equipped with its natural norm.
The fields of real and complex numbers are respectively denoted by C and R. We let BC(R, X) denote the space of all X-valued bounded continuous functions R → X -it is a Banach space when equipped with the sup norm u ∞ := sup t ∈R u(t) for each u ∈ B(R, X).
Definition 2.1 ([1])
. A continuous function f : R → X is said to be almost automorphic if for every sequence of real
Almost automorphic functions constitute a Banach space A A(X) when it is endowed with the sup norm. They naturally generalize the concept of (Bochner) almost periodic functions. 
Definition 2.2. A continuous function
More details on almost automorphic functions as well as their applications to evolution equations can be found in [1,2,4,9,10]. 
Main results

Preliminary results
Throughout the rest of the work, (Y,
We now make the following assumptions.
(H.1) The operator A is the infinitesimal generator of an exponentially stable semigroup (T (t)) t ≥0 such that there exist constants M > 0 and δ > 0 with 
The proof of our main result requires the following technical lemmas whose proofs are slightly different:
Lemma 3.2. Suppose that assumptions (H.1)-(H.2)-(H.3) hold. Define the nonlinear operator Λ 2 by: for each
φ ∈ A A(Y), (Λ 2 φ)(t) := t −∞ T (t − s)g(s, Cφ(s))ds.
Then Λ 2 maps A A(Y) into itself.
Proof. First, let us check that Λ 2 is well defined. Indeed, if φ ∈ A A(Y), then t → Cφ(t) is in A A(X) as C ∈ B(Y, X). And hence, by Theorem 2.3, the function ψ(·) = g(·, Cφ(·)) belongs to A A(Y) whenever φ ∈ A A(Y). In particular,
Now, Λ 2 is well defined. To prove that (Λ 2 φ) ∈ A A(Y), one follows along the same lines as in [8] . For that, one has to prove that
T (t − s)ψ(s)ds is almost automorphic, where ψ(s) = g(s, Cφ(s)) for each s ∈ R.
Obviously, t → Λ 2 φ(t) = lim r↓−∞ t r T (t − s)ψ(s)ds is absolutely convergent. Now let (s n ) be an arbitrary sequence of real numbers. Since ψ is almost automorphic, there exists a subsequence (s n ) of (s n ) such that h(t) := lim n→+∞ ψ(t + s n ) for each t ∈ R and ψ(t) = lim n→+∞ h(t − s n ) for each t ∈ R. Now
By the boundedness of the semigroup (T (t)) it follows that
for each σ ∈ R fixed and any t ≥ σ .
If we let w(t) = t −∞ T (t − s)h(s)ds,
we observe that the integral is absolutely convergent for each t ∈ R. So, by Lebesgue's dominated convergent theorem, v(t + s n ) → w(t), as n → ∞, for each t ∈ R.
Similarly, it can be shown that w(t − s n ) → v(t), as n → ∞, for each t ∈ R. This shows that v is an almost automorphic function.
Lemma 3.3. Suppose that assumptions (H.1)-(H.2)-(H.3) hold. Define the nonlinear operator Λ 1 as follows for each
Proof. The proof is similar to that of Lemma 3.2 with appropriate adaptations. So we omit it.
Almost automorphic solutions
Theorem 3.4. Suppose that assumptions (H.1)-(H.2)-(H.3) hold. Then Eq. (1.1) has a unique almost automorphic (mild) solution whenever
Θ := M . K g δ + K f . 1 + ∞ 0 e −ωs γ (s)ds < 1.
Proof. Define the nonlinear operator Γ : A A(Y) → A A(Y) as follows
(Γ u)(t) := − f (t, Bu(t)) − (Λ 1 u)(t) + (Λ 2 u)(t) for each u ∈ A A(Y), that is, (Γ u)(t) = − f (t, Bu(t)) − t −∞ AT (t − s) f (s, Bu(s))ds + t −∞ T (t − s)g(s, Cu(s))ds. Now, the function s → AT (t − s) f (s, Bu(s)) is integrable on (−∞, t) for each t ∈ R, by AT (t − s) f (s, Bφ(s)) ≤ e ω(t −s) γ (t − s) φ Y,∞ with ψ(·) = f (·, Bφ(·)) ∈ A A(Y). Now, for all φ, ψ ∈ A A(Y), f (t, Bφ(t)) − f (t, Bψ(t)) Y ≤ K f . Bφ(t) − Bψ(t) ≤ K f . . φ(t) − ψ(t) Y , ≤ K f . . φ − ψ ∞,Y ,
by (H.2)-(H.3). In view of Theorem 2.3 and the fact that B ∈ B(Y, X), the operator defined by Π (u)(t) = f (t, Bu(t)) maps A A(Y) into A A(Y).
From Lemmas 3.2 and 3.3, and the remark on Π it follows that the nonlinear operator Γ is well defined, that is, it
Consequently, if Θ < 1, then the operator Γ has a unique fixed point, which obviously is the only pseudo-almost periodic solution to Eq. (1.1). 
Example
To illustrate Theorem 3.4 we examine the existence and uniqueness of almost automorphic (mild) solutions to the heat equation given by the system Eqs. (1.2) and (1.3). For that, we suppose that
It is well known that A is the infinitesimal generator of an analytic semigroup T (t) on L 2 [0, π] with T (t) ≤ e −t for t ≥ 0 [7] .
For the sake of simplicity, we consider the case where Y = X = L 2 [0, π] and C is the bounded multiplication operator defined by:
We now require the following assumption: The previous discussion can be formulated as follows: where g satisfies (H.4) has a unique almost automorphic (mild) solution.
